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Abstract. In 1976 Thurston associated to a 3–manifold N a marked polytope in H1(N ;R),
which measures the minimal complexity of surfaces representing homology classes and de-
termines all fibered classes in H1(N ;R). Recently the first and the last author associated
to a presentation pi with two generators and one relator a marked polytope in H1(pi;R) and
showed that it determines the Bieri–Neumann–Strebel invariant of pi. In this paper, we show
that if the fundamental group of a 3–manifold N admits such a presentation pi, then the
corresponding marked polytopes in H1(N ;R) = H1(pi;R) agree.
1. Summary of results
Throughout this paper all 3–manifolds are compact, connected and orientable. Suppose N
is a 3–manifold. In 1976 Thurston [Th86] introduced a seminorm xN on H
1(N ;R), henceforth
referred to as the Thurston norm, which is a natural measure of the complexity of surfaces
dual to integral classes. A class φ ∈ H1(N ;R) is fibered if φ can be represented by a non-
degenerate closed 1-form. If φ is integral, then φ is fibered if and only if it is induced by a
surface bundle N → S1. We refer to 2.4 for details.
Thurston [Th86] showed that the information on the Thurston seminorm and the fibered
classes can be encapsulated in terms of a marked polytope. A marked polytope is a polytope
in a vector space together with a (possibly empty) set of marked vertices. In order to state
Thurston’s result precisely we need one more definition. Given a polytope in a vector space V
we say that a homomorphism φ ∈ Hom(V,R) pairs maximally with the vertex v if φ(v) > φ(w)
for all other vertices w 6= v . In this language, the main result of Thurston [Th86] can be
stated as follows.
Theorem 1.1 (Thurston). Let N be a 3–manifold. There exists a unique symmetric marked
polytope MN in H1(N ;R) with vertices in H1(N ;Z)/torsion ⊂ H1(N ;R) such that for any
φ ∈ H1(N ;R) = Hom(pi1(N),R) we have
xN(φ) = max{φ(p)− φ(q) | p, q ∈MN}
and such that φ is fibered if and only if it pairs maximally with a marked vertex of MN .
Subsequently, by a (2, 1)–presentation we mean a group presentation with precisely two
generators and one non-empty relator. A (2, 1)–presentation is cyclically reduced if the relator
is a cyclically reduced word. Recently the first and the third author [FT15] associated to a
cyclically reduced (2, 1)–presentation pi = 〈x, y | r〉 a marked polytope Mpi in H1(pi;R).
Now we outline the definition of Mpi in the case that b1(pi) = 2. A different (but equiv-
alent) definition is given in Section 2.6, as well as a definition for cyclically reduced (2, 1)–
presentations pi with b1(pi) = 1.
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Identify H1(Gpi;Z) with Z2 such that x corresponds to (1, 0) and y corresponds to (0, 1).
Then the relator r determines a discrete walk on the integer lattice in H1(Gpi;R), and the
marked polytope Mpi is obtained from the convex hull of the trace of this walk as follows:
(1) Start at the origin and walk across Z2 reading the word r from the left.
(2) Take the convex hull C of the set of all lattice points reached by the walk.
(3) Mark precisely those vertices of C which the walk passes through exactly once.
(4) Now consider the unit squares that are completely contained in C and touch a vertex
of C. Mark a midpoint of a square precisely when one (and hence all) vertices of C
incident with the square are marked.
(5) The set of vertices ofMpi is the set of midpoints of all of these squares, and a vertex
of Mpi is marked precisely when it is a marked midpoint of a square.
In Figure 1 we sketch the construction of Mpi for the presentation pi = 〈x, y | r〉, where
r = x2yx−1yx2yx−1y−3x−1yx2yx−1yxy−1x−2y−1xy−1x−2y−1xy3xy−1x−2y−1xy−1x−1y.
This example is due to Dunfield [Du01] and presents the fundamental group of the exterior
of the 2–component link in S3 shown in Figure 2(a) (see Section 6.3).
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(1) take the path determined by the relation r
Figure 1. The marked polytopeMpi for Dunfield’s example (labels on arrows
correspond to steps in the above algorithm).
Given two polytopes P and Q in a vector space V, we write P .= Q if the polytopes P and
Q differ by a translation, i.e. if there exists v ∈ V with P = v + Q. The following is the
main theorem of this paper.
Theorem 1.2. Let N be an irreducible 3–manifold that admits a cyclically reduced (2, 1)–
presentation pi = 〈x, y | r〉. Then
MN .=Mpi.
The proof of Theorem 1.2 relies on the Virtually Special Theorem of Agol [Ag13], Liu
[Li13], Przytycki-Wise [PW12, PW14] and Wise [Wi09, Wi12a, Wi12b], which we recall in
Section 3.1. It also hinges on the following general result, which is of independent interest.
Theorem 1.3. Let N be an irreducible 3–manifold with empty or toroidal boundary. If N is
not a closed graph manifold, then pi1(N) is residually a torsion-free and elementary amenable
group.
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The proof of Theorem 1.3 uses the Virtually Special Theorem and builds on work of
Linnell–Schick [LS07]. It is proved in Section 3, where we also give several consequences.
We give a brief outline of the proof of Theorem 1.2. The starting point is an alternative
definition of the marked polytope Mpi using Fox derivatives [Fo53] (see Section 2.6). This
definition is less pictorial, but it allows us to relate the polytope Mpi to the chain complex
of the universal cover of the 2–complex X associated to the presentation pi. This makes it
possible to study the ‘size’ ofMpi using twisted Reidemeister torsions corresponding to finite-
dimensional complex representations and corresponding to skew fields of X [Wa94, Co04,
Ha05, Fr07, FV10]. Since X is simple homotopy equivalent to N, these twisted Reidemeister
torsions agree with the twisted Reidemeister torsions of N .
In the following we denote PN and Ppi the polytopesMN andMpi without the markings.
Given two polytopes P and Q in a vector space V we write P ≤ Q if there exists v ∈ V with
v + P ⊂ Q. The proof of Theorem 1.2 now breaks up into three parts:
(1) We first show that PN ≤ Ppi. Put differently, we show that Ppi is ‘big enough’ to
contain PN . This is achieved with the main theorem of [FV12], which states that
twisted Reidemeister torsions corresponding to finite-dimensional complex represen-
tations detect the Thurston norm of N . This relies on the Virtually Special Theorem.
See Section 4.
(2) Next we show the reverse inclusion Ppi ≤ PN . This means that Ppi is ‘not bigger than
necessary’. At this stage it is crucial that r is cyclically reduced. By [We72] this
implies that the summands in the Fox derivative ∂r
∂x
are pairwise distinct elements
in the group ring Z[pi]. Using Theorem 1.3 and the non-commutative Reidemeister
torsions of [Co04, Ha05, Fr07] we show that indeed Ppi ⊂ PN . See Section 5.
(3) Finally we need to show that the markings of MN and Mpi agree. This follows
immediately from [FT15, Theorem 1.1] and [BNS87, Theorem E]. See Section 5.3.
The paper is concluded with a conjecture and a question in Section 7.
Convention. Throughout this paper, all groups are finitely generated, all vector spaces
finite dimensional, and all 3–manifolds are compact, connected and orientable.
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2. Polytopes associated to 3–manifolds and groups
2.1. Polytopes. Let V be a real vector space and let Q = {Q1, . . . , Qk} ⊂ V be a finite
(possibly empty) subset. Denote
P(Q) = conv(Q) =
{
k∑
i=1
tiQi
∣∣∣∣∣
k∑
i=1
ti = 1, ti ≥ 0
}
.
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the polytope spanned by Q. A polytope in V is a subset of the form P(Q) for some finite
subset Q of V . For any polytope P there exists a unique smallest subset V(P) ⊂ P such that
P is the polytope spanned by V(P). The elements of V(P) are the vertices of P . Note v ∈ P
is a vertex if and only if there exists a homomorphism φ : V → R such that φ(v) > φ(p) for
every p 6= v ∈ P .
Let V be a real vector space and let P and Q be two polytopes in V . The Minkowski sum
of P and Q is
P +Q := {p+ q | p ∈ P and q ∈ Q}.
It is straightforward to see that P+Q is again a polytope. Furthermore, for each vertex u of
P +Q there exists a unique vertex v of P and a unique vertex w of Q such that u = v + w.
Conversely, for each vertex v of P there exists a (not necessarily unique) vertex w of Q such
that v + w is a vertex of P +Q.
If P ,Q and R are polytopes with P +Q = R, then we write P = R−Q. We have
P = {p ∈ V | p+Q ⊂ R},
in particular R−Q is well-defined.
There is a natural scaling operation on polytopes:
λ · P := {λp|p ∈ P},
where P ⊂ V is a polytope and λ ∈ R+. If k ∈ N, then the Minkowski sum of k copies of P
equals kP .
2.2. Convex sets and seminorms. Let C be a non-empty convex set in the real vector
space V . Given φ ∈ Hom(V,R) we define the thickness of C in the φ-direction by
thC(φ) := max{φ(c)− φ(d) | c, d ∈ C}.
It is straightforward to see that the function
λC : Hom(V,R) → R≥0
φ 7→ max{φ(c)− φ(d) | c, d ∈ C}
is a seminorm. Conversely, a seminorm λ : Hom(V,R)→ R≥0 defines the convex set
C(λ) := {v ∈ V |λ(v) ≤ 1}.
Note that C(λ) is symmetric since v ∈ C(λ) implies −v ∈ C(λ). For any seminorm λ we
have λC(λ) = λ. On the other hand, if C is a non-empty convex set, then C(λC) equals the
symmetrization Csym of C,
Csym := {12(c− d) | c, d ∈ C}.
Finally, given a convex set C in V the dual of C is
C∗ := {φ ∈ Hom(V,R) |φ(v) ≤ 1 for all v ∈ C}.
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2.3. Marked polytopes. Let V be a real vector space. A marked polytope M in V is a
polytope P and a (possibly empty) subset V+ of V(P). The elements of V+ are the marked
vertices, the elements of V(P)\V+ are the unmarked vertices and P is the underlying polytope
of M.
IfM = (P ,V+) and N = (Q,W+) are two marked polytopes, then the Minkowski sum of
M and N has underlying polytope the Minkowski sum of the underlying polytopes and set
of marked vertices precisely those that are sums of marked vertices:
M+N = ( P +Q, V(P +Q) ∩ (V+ +W+) ).
The marked polytopeM = (P ,V+) is symmetric if the underlying polytope P is symmetric
and V+ = −V+.
2.4. The Thurston norm and fibered classes. Let N be a 3–manifold. For each φ ∈
H1(N ;Z) there is a properly embedded oriented surface Σ, such that [Σ] ∈ H2(N, ∂N ;Z)
is the Poincare´ dual to φ. Letting χ−(Σ) =
∑k
i=1 max{−χ(Σi), 0}, where Σ1, . . . ,Σk are the
connected components of Σ, the Thurston norm of φ ∈ H1(N ;Z) is
xN(φ) = min
{
χ−(Σ) | [Σ] = φ
}
.
The class φ ∈ H1(N ;R) is called fibered if it can be represented by a non-degenerate closed
1-form. By [Ti70] an integral class φ ∈ H1(N ;Z) = Hom(pi1(N),Z) is fibered if and only if
there exists a fibration p : N → S1 such that p∗ = φ : pi1(N)→ pi1(S1) = Z.
Thurston [Th86] showed that xN extends to a seminorm xN on H
1(N ;R) and that the
dual C(xN)∗ to the unit norm ball C(xN) of the seminorm xN is a polytope PN with vertices
in Im{H1(N ;Z)/torsion→ H1(N ;R)}. Furthermore, Thurston showed that we can turn PN
into a marked polytopeMN , which has the property that φ ∈ H1(N ;R) = Hom(H1(N ;R),R)
is fibered if and only if it pairs maximally with a marked vertex.
2.5. The marked polytope for elements of group rings. Let G be a group. Throughout
this paper, given f ∈ C[G] and g ∈ G we denote fg the g–coefficient of f . Let ψ : G →
H1(G;Z)/torsion be the canonical map.
We write V = H1(G;R) and we view H1(G;Z)/torsion as a subset of V . With this
convention the above map ψ gives rise to a map ψ : G→ V . Given f ∈ C[G] we refer to
P(f) := P ({ψ(g) | g ∈ G with fg 6= 0}) ⊂ V
as the polytope of f . We will now associate to P(f) a marking. In order to do this we need
a few more definitions.
(1) For v ∈ V we refer to f v := ∑g∈ψ−1(v) fgg as the v–component of f .
(2) We say that an element r ∈ C[G] is a monomial if it is of the form r = ±g for some
g ∈ G.
A vertex v of P(f) is marked precisely when the v-component of f is a monomial. We then
refer to the polytope P(f) together with the set of all marked vertices as the marked polytope
M(f) of f . The proof of [FT15, Lemma 3.2] applies with the above definitions, to give:
Lemma 2.1. Let G be a group and let f, g ∈ C[G]. Then the following hold:
(1) If for every vertex v of P(f) the v-component f v ∈ C[G] is not a zero divisor, then
P(f · g) = P(f) + P(g).
(2) If each vertex of M(f) is marked, then M(f · g) =M(f) +M(g).
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2.6. The marked polytope for a (2, 1)–presentation. Let F be the free group with
generators x and y. Following [Fo53] we denote by ∂
∂x
: Z[F ]→ Z[F ] the Fox derivative with
respect to x, i.e. the unique Z–linear map such that
∂1
∂x
= 0,
∂x
∂x
= 1,
∂y
∂x
= 0 and
∂uv
∂x
=
∂u
∂x
+ u
∂v
∂x
for all u, v ∈ F . We similarly define the Fox derivative with respect to y, and often write
ux :=
∂u
∂x
and uy :=
∂u
∂y
.
In [FT15] we proved the following proposition.
Proposition 2.2. Let pi = 〈x, y | r〉 be a (2, 1)–presentation with b1(pi) = 2. Then there exists
a marked polytope M, unique up to translation, such that
M+M(x− 1) .=M(ry) and M+M(y − 1) .=M(rx).
DenoteMpi the marked polytope of Proposition 2.2. Up to translation it is a well-defined
invariant of the presentation, and it is shown in [FT15] that this definition is equivalent to
the one sketched in the introduction.
A (2, 1)–presentation pi = 〈x, y | r〉 is simple if b1(Gpi) = 1, x defines a generator of
H1(pi;Z)/torsion and y represents the trivial element in H1(pi;Z)/torsion. In [FT15] we
showed that given a simple (2, 1)–presentation pi = 〈x, y | r〉 there exists a marked polytope
Mpi, unique up to translation, such that
Mpi +M(x− 1) .=M(ry).
It was shown in [FT15] that there is a canonical way to associate to any (2, 1)–presentation
pi = 〈x, y | r〉 with b1(Gpi) = 1 a simple presentation pi′ = 〈x′, y′ | r′〉 representing the same
group. We then define Mpi :=Mpi′ .
2.7. 3–manifold groups which admit (2,1)–presentations. Manifolds having funda-
mental group with a (2, 1)–presentation are described in Section 6. The only specific result
needed to develop our theory is the following, which follows from work of Epstein [Ep61].
Theorem 2.3. Let N be an irreducible (compact, connected and orientable) 3–manifold such
that pi := pi1(N) admits a (2, 1)–presentation. Then the boundary of N consists of one or
two tori.
Proof. It follows from [Ep61, Lemma 1.7] that pi has deficiency 1, and from [Ep61, Section 3]
that the fundamental group of a closed irreducible 3–manifold has deficiency zero. Whence
N has non-empty boundary, and [Ep61, Lemma 2.2] implies that 1
2
χ(∂N) = χ(N) ≥ 0. The
3–ball is the only irreducible 3–manifold with a spherical boundary component due to the
Poincare´ conjecture. Hence no boundary component of N is a sphere since pi1(N) 6= {1}.
Since N (and hence each of its boundary components) is orientable, we now have χ(∂N) = 0
and every boundary component is a torus.
A standard half-lives-half-dies argument shows that b1(∂N) ≤ 2b1(N). Since b1(N) ≤ 2
we deduce that ∂N either consists of one or two tori. 
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3. Properties of 3–manifold groups
3.1. The Virtually Special Theorem. Following Agol [Ag08] we say that a group is resid-
ually finite rationally solvable (RFRS ) if there exists a sequence {pin} of subgroups of pi such
that
⋂
n pin = {1} and such that for any n the following hold:
(1) the subgroup pin is normal and finite index in pi,
(2) pin ⊇ pin+1, and
(3) the natural surjection pin → pin/pin+1 factors through pin → H1(pin;Z)/torsion.
As usual, given a property of groups or spaces we say this property is satisfied virtually
if a finite-index subgroup (not necessarily normal) or a finite-index cover (not necessarily
regular) has the property.
The following theorem is now a variation on the Virtually Special Theorem.
Theorem 3.1. Let N be an irreducible 3–manifold with empty or toroidal boundary. If N is
not a closed graph manifold, then pi1(N) is virtually RFRS.
The theorem was proved by Agol [Ag13] for all closed hyperbolic 3–manifolds, by Wise
[Wi09, Wi12a, Wi12b] for all hyperbolic 3–manifolds with boundary, by Liu [Li13] and
Przytycki–Wise [PW14] for all graph manifolds with boundary and by Przytycki–Wise [PW12]
for all 3–manifolds with a non-trivial JSJ-decomposition that has at least one hyperbolic JSJ-
component. We refer to [AFW15] for precise references.
In the following, given a 3–manifold N we say that φ ∈ H1(N ;R) is quasi-fibered if it is
a limit of fibered classes in H1(N ;R). The following theorem is an immediate consequence
of Theorem 3.1 and Agol’s virtual fibering theorem [Ag08, Theorem 5.1] (see also [FKt14,
Theorem 5.1] for an exposition).
Theorem 3.2. Let N be an irreducible 3–manifold with empty or toroidal boundary. If N
is not a closed graph manifold, then for every φ ∈ H1(N ;R) there exists a finite-index cover
p : N ′ → N such that p∗(φ) is quasi-fibered.
If we apply the theorem to the zero class we get in particular the following corollary.
Corollary 3.3. An irreducible 3–manifold with empty or toroidal boundary is virtually fibered
unless it is a closed graph manifold.
3.2. Residual properties of 3–manifold groups. We start with several definitions, most
of which are standard. Let P be a class of groups.
(1) The group pi is residually P if for every non-trivial g ∈ pi, there exists a homomorphism
α : pi → Γ to a group in Γ in P such that α(g) 6= 1.
(2) The group pi is fully residually P if for every finite subset {g1, . . . , gn} ⊂ pi \{1}, there
exists a epimorphism α : pi → G to a group in Γ in P such that α(gi) 6= 1 for all
i = 1, . . . , n.
(3) The group pi has the P–factorization property if for every epimorphism α : pi → G
onto a finite group G there exists an epimorphism β : pi → Γ to a group Γ in P such
that α factors through β.
We are mostly interested in the following classes of groups.
(1) The class EA of elementary amenable groups is the smallest class of groups that
contains all abelian and all finite groups and that is closed under extensions and
directed unions.
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(2) We denote by T EA the class of all groups that are torsion-free and elementary
amenable. It is clear that T EA is closed under taking finite direct products.
Using Corollary 3.3 and work of Linnell–Schick [LS07] we will prove the following theorem:
Theorem 3.4. Let N be an irreducible 3–manifold with empty or toroidal boundary. If N is
not a closed graph manifold, then pi1(N) has the T EA-factorization property.
The question of to what degree this statement holds for closed graph manifolds is discussed
in Section 3.4. We postpone the proof of the theorem to Section 3.3, and point out several
consequences, including the following, which was stated in the introduction.
Theorem 1.3. Let N be an irreducible 3–manifold with empty or toroidal boundary. If N is
not a closed graph manifold, then pi1(N) is residually a torsion-free and elementary amenable
group.
Proof. Let P be any class of groups. If a group pi is residually finite and has the P–
factorization property, then G is also residually P . The statement of the theorem now follows
from Theorem 3.4 and the fact that 3–manifold groups are residually finite [He87]. 
Corollary 3.5. Let pi be the fundamental group of an irreducible 3–manifold that has empty
or toroidal boundary and is not a closed graph manifold. For every non-zero element p ∈ Z[pi],
there exists a homomorphism α : pi → Γ ∈ T EA such that 0 6= α(p) ∈ Z[Γ].
Proof. We write p =
∑k
i=1 aigi, where a1, . . . , ak 6= 0 and g1, . . . , gn ∈ pi are pairwise distinct.
By Theorem 1.3 the group pi is residually T EA. Since T EA is closed under taking finite
direct products, pi is also fully residually T EA. We can thus find a homomorphism α : pi → Γ
to a group Γ ∈ T EA such that all α(gi) and all products α(gig−1j ), i 6= j, are non-trivial.
Whence α(p) ∈ Z[Γ] is non-zero. 
3.3. Proof of Theorem 3.4. The following lemma is probably well-known to the experts.
Lemma 3.6. Let E be a surface group (i.e. the fundamental group of a compact orientable
surface) and let R ⊂ E be a normal subgroup. Then E/[R,R] is torsion–free.
Proof. Let g ∈ E/[R,R] be a non–trivial element. We pick a representative for g in E which
by slight abuse of notation we also denote by g. We denote by S the subgroup of E generated
by g and R. It suffices to prove the following claim.
Claim. The group S/[R,R] is torsion–free.
We consider the following short exact sequence
1→ [S, S]/[R,R]→ S/[R,R]→ S/[S, S]→ 0.
Since R and S are either surface groups or free we deduce that S/[S, S] = H1(S;Z) and
R/[R,R] = H1(R;Z) are torsion–free. The group S/R is generated by one element, which
implies that S/R is cyclic, in particular abelian. It follows that [S, S] ⊂ R. We thus see that
[S, S]/[R,R] is a subgroup of R/[R,R]. So the groups on the left and on the right of the
above short exact sequence are torsion-free. It follows that S/[R,R] is torsion–free. 
Proposition 3.7. If 1 → E → pi → M → 1 is an exact sequence with E a surface group
and M ∈ T EA, then pi has the T EA-factorization property.
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Proof. Let α : pi → P be a map to a finite group. Let R = E ∩ Kerα. By Lemma 3.6 the
group E/[R,R] is torsion-free. Furthermore it is elementary amenable by the exact sequence
1→ R/[R,R]→ E/[R,R]→ E/R→ 1.
Now α factors through pi/[R,R], and this is in T EA due to the sequence
1→ E/[R,R]→ pi/[R,R]→M → 1. 
The profinite completion of the group pi is denoted pi; see [RZ10, Section 3.2] for a definition
and its main properties. Following Serre [Se97, D.2.6 Exercise 2] we say that a group pi is
good if the natural morphism H∗(pi;A)→ H∗(pi;A) is an isomorphism for any finite abelian
group A with a pi-action.
Theorem 3.8. Let pi be a finitely generated torsion-free group that has a finite-dimensional
classifying space and which is good. If pi admits a finite index subgroup Γ which has the
T EA-factorization property, then pi also has the T EA-factorization property.
In the proof of the theorem we will on several occasions use the following standard notation:
if Γ is a subgroup of pi, then Γpi := ∩g∈pigΓg−1. Note that Γpi is always a normal subgroup of
pi, and if Γ is of finite-index, then Γpi is of finite-index. We also note that the methods of the
proof build heavily on the work of Linnell and Schick [LS07].
Proof. Let α : pi → G be a homomorphism to a finite group. We denote by K ⊂ pi the
intersection of Ker(α) and Γpi. The subgroup K is of finite index in pi and is clearly contained
in Γ. It is straightforward to see that K also has the T EA-factorization property. We write
Q := pi/K. First suppose that Q is a p-group. It suffices to show there is a subgroup U E pi
such that the map pi → Q factors through pi/U and pi/U is in T EA.
If no such U exists, then since K has the T EA-factorization property, there is a nontrivial
subgroup Q′ of Q that splits in the induced sequence of profinite completions
1→ Kˆ → pˆi → Q→ 1,
see [Sc14, Lemmas 6.7, 6.8, 6.9]. However, putting the following two observations together
shows that this is not possible.
(1) The cohomology H∗(Q′,Fp) is nonzero in infinitely many dimensions.
(2) By [Se97, Exercise 1, 2.6] any finite-index subgroup L (such as K or the preimage
of Q′ under pi → Q) of pi is also good and has a finite-dimensional classifying space.
This implies that H∗(Lˆ,Fp) ∼= H∗(L,Fp) is nonzero in only finitely many dimensions.
For the general case, we use a trick from [LS07]. For each Sylow p-subgroup S of Q, consider
the exact sequence 1→ K → piS → S → 1, where piS is the preimage of S. By the above, we
get a collection of subgroups UpiS such that the quotients piS/UpiS are torsion-free elementary
amenable. Let U = ∩SUpiS . Since pi/Upi is a finite extension of Γ/Upi, elementary amenability
follows again from [LS07, Lemma 4.11]. It remains to show that pi/Upi is torsion-free.
Suppose that pi/Upi has a non-trivial torsion element γ. By raising γ to some power we
get an element γ′ that is p-torsion for some prime p. We have an exact sequence
1→ UpiS/Upi → piS/Upi → piS/UpiS → 1
where UpiS/U
pi and piS/U
pi
S are torsion-free by Lemma 4.11 in [LS07]. Since K/U
pi is torsion-
free, γ′ would map to some Sylow p-subgroup, in which case γ′ ∈ piS/UpiS , which is torsion-free.
Therefore, pi/Upi is torsion-free. 
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Now we are finally in a position to prove Theorem 3.4.
Proof of Theorem 3.4. Let N be an irreducible 3–manifold that has empty or toroidal bound-
ary and that is not a closed graph manifold. According to Corollary 3.3, N has a finite cover
M that is fibered. The fundamental group of M is a semidirect product of Z with a surface
group, and hence Lemma 3.6 and Proposition 3.7 imply pi1(M) has the T EA-factorization
property.
It follows from [Se97, Exercise 2b) pg. 16] that pi1(M) is good. By [Se97, Exercise 1
pg. 16] the group pi1(N) is also good. It is well-known, see e.g. [AFW15, (A1)], that N is
aspherical and that in particular pi1(N) is torsion-free. Thus we can apply Theorem 3.8 to
pi1(N) and the finite-index subgroup pi1(M), giving the desired result that pi1(N) has the
T EA-factorization property. 
3.4. The case of closed graph manifolds. It is natural to ask for which closed graph
manifolds the conclusions of Theorem 3.4 and its corollaries hold. It follows from the work
of Liu [Li13] that the conclusion of the theorem also holds for closed non-positively curved
graph manifolds. The question of which closed graph manifolds are non-positively curved
was treated in detail by Buyalo and Svetlov [BS05]. In the following we give a short list of
examples of graph manifolds that are not non-positively curved:
(1) spherical 3-manifolds,
(2) Sol- and Nil-manifolds,
(3) Seifert fibered 3-manifolds that are finitely covered by a non-trivial S1-bundles over
a closed surface.
It is clear that the statements do not hold for spherical 3-manifolds with non-trivial funda-
mental group. The following lemma takes care of the second case.
Lemma 3.9. The fundamental groups of Sol- and Nil-manifolds are T EA, in particular they
have the T EA-factorization property.
Proof. Sol- and Nil-manifolds are finitely covered by torus-bundles over S1. Hence their
fundamental groups are elementary amenable, but the fundamental groups are also torsion-
free, so they are T EA. 
Lemma 3.10. Let N be a Seifert fibered space with infinite fundamental group. Then pi1(N)
has the T EA-factorization property.
Proof. Since we will not make use of this lemma we only sketch the proof. The manifold N
is finitely covered by an S1-bundle over a surface. By Theorem 3.8 we can thus without loss
of generality assume that N is an S1-bundle over a surface F . Since pi1(N) is infinite there
exists a short exact sequence
1→ 〈t〉 → pi1(N)→ pi1(F )→ 1,
where the subgroup 〈t〉 is generated by the S1-fiber. By Proposition 3.7 the group pi1(F ) has
the T EA-factorization property. Denote by e the Euler number of the S1-bundle over F and
denote by M the total space of the S1-bundle over the torus with Euler number e. Then there
exists a fiber-preserving map from N to M . Since pi1(M) is T EA we found a homomorphism
from pi1(N) to a T EA group which is injective on 〈t〉. Now it is straightforward to see that
pi1(N) has the T EA-factorization property. 
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The above discussion shows that the fundamental groups of many closed graph manifolds
have the T EA-factorization property. Nonetheless we expect that there are many closed
graph manifolds whose fundamental groups do not have the T EA-factorization property.
4. Proof of Theorem 1.2 (I)
The goal of this section is to prove the following proposition.
Proposition 4.1. Let pi = 〈x, y | r〉 be a cyclically reduced (2, 1)–presentation for the funda-
mental group of an irreducible 3–manifold N . Then
PN ≤ Ppi.
The main ingredient in the proof will be the fact that twisted Reidemeister torsions cor-
responding to finite-dimensional complex representations detect the Thurston norm of 3–
manifolds.
4.1. Tensor representations. Let pi be a group, let α : pi → GL(k,C) be a representation
and let ψ : pi → H be a homomorphism to a free abelian group. We denote by C(H)
the quotient field of the group ring C[H]. The homomorphisms α and ψ give rise to the
representation
α⊗ ψ : pi → GL(k,C(H))
g 7→ α(g) · ψ(k)
that we refer to as the tensor product of α and ψ. This representation extends to a ring
homomorphism Z[pi]→M(k × k,C(H)), which we also denote by α⊗ ψ.
4.2. The definition of the twisted Reidemeister torsion. Let X be a finite CW–
complex, pi := pi1(X), and denote by X˜ the universal cover of X. The action of pi via
deck transformations on X˜ equips the chain complex C∗(X˜;Z) with the structure of a chain
complex of Z[pi]–left modules.
Let α : pi → GL(k,C) be a representation. We denote by ψ : pi → H := H1(X;Z)/torsion
the obvious projection map. Using the representation α ⊗ ψ we can now view C(H)k as a
right Z[pi]-module, where the action is given by right multiplication on row-vectors.
We consider the chain complex
C∗(X;C(H)k) := C(H)k ⊗Z[pi] C∗(X˜;Z)
of C(H)–modules. For each cell in X pick a lift to a cell in X˜. We denote by e1, . . . , ek the
standard basis for C(H)k. The tensor products of the lifts of the cells and the vectors ei
turns C∗(X;C(H)k) into a chain complex of based C(H)–vector spaces.
If the chain complex C∗(X;C(H)k) is not acyclic, then we define the corresponding twisted
Reidemeister torsion τ(X,α) to be zero. Otherwise we denote by τ(X,α) ∈ C(H) \ {0} the
torsion of the based chain complex C∗(X;C(H)k). We refer to [Tu01] for the definition of
the torsion of a based chain complex. Standard arguments show that τ(X,α) ∈ C(H) \ {0}
is well-defined up to multiplication by an element of the form zh, where z ∈ ± det(α(pi)) and
h ∈ H. The indeterminacy arises from the fact that we had to choose lifts and an ordering
of the cells.
Suppose N is a 3–manifold and let α : pi1(N) → GL(k,C) be a representation. Choose a
CW–structureX forN and define τ(N,α) := τ(X,α). It is well-known, see e.g. [Tu01, FV10],
that this definition does not depend on the choice of the CW–structure.
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4.3. The polytopes corresponding to twisted Reidemeister torsion. As above, sup-
pose N is a 3–manifold and α : pi1(N)→ GL(k,C) a representation. If τ(N,α) is zero, then
we define T (N,α) = ∅.
Otherwise we write τ(N,α) = p · q−1 with p, q ∈ C[H]. If the Minkowski difference
P(q)− P(p) exists (and by [FV10, p. 53] this is the case if b1(N) ≥ 2), then we define
T (N,α) := 1
k
· (P(p)− P(q)),
and otherwise define T (N,α) := {0}.
Proposition 4.2. Let pi = 〈x, y |r〉 be a (2, 1)–presentation for the fundamental group of an
irreducible 3–manifold N . Then for any representation we have
T (N,α) ⊂ Ppi.
In the proof of the proposition we will need one more definition and one more lemma.
Let pi be a group, f ∈ Z[pi], α : pi → GL(k,C) be a representation, and ψpi : pi → H :=
H1(pi;Z)/torsion be the canonical epimorphism. Then det((α⊗ψpi)(f)) ∈ C[H] and we write
P(f, α) := 1
k
P(det((α⊗ ψpi)(f))) ⊂ H1(pi;R).
Lemma 4.3. Let pi be a group, f ∈ Z[pi] and α : pi → GL(k,C) be a representation. Then
P(f, α) ⊂ P(f).
Proof. We write f = c1h1 + · · ·+ clhl with h1, . . . , hl ∈ pi and c1, . . . , cl 6= 0. We consider
S := {s1ψ(g1) + · · ·+ slψ(hl) | s1, . . . , sl ∈ C}.
Put differently, S is the set of all elements in C[H] with support a subset of {ψ(g1), . . . , ψ(gl)}.
For every p ∈ S we have P(p) ⊂ P(ψ(g1), . . . , ψ(gl)) = P(f). This implies that if p1, . . . , pk
are elements in S, then
P(p1 · · · · · · · pk) = P(p1) + · · ·+ P(pk) ⊂ P(f) + · · ·+ P(f) = kP(f).
We write M := (α ⊗ ψ)(f) = ∑li=1 ciα(hi) · ψ(hi). Each entry of det(M) lies in S. It
follows from the Laplace formula that det(M) is a sum of products of the form p1 · · · · · pk,
where each pi lies in S. By the above we have P(p1 · · · · · · · pk) ⊂ kP(f). The definitions
imply that if a, b ∈ C[pi] are such that P(a) and P(b) are contained in a polytope Q, then
we have also have P(a+ b) ⊂ Q. Hence P(det(M)) ⊂ kP . 
Proof of Proposition 4.2. We again denote by ψ : pi1(N) → H1(N ;Z)/torsion the canonical
epimorphism. Note that ψ(x) 6= 0 or ψ(y) 6= 0. Without loss of generality we may assume
ψ(y) 6= 0.
Theorem 2.3 shows that N has non-trivial toroidal boundary. It thus follows from [Ki96,
Theorem A], see also [FV10, p. 50], that
τ(N,α) = det((α⊗ ψ)(ry)) · det((α⊗ ψ)(y − 1))−1.
By Lemma 4.3 we have P(ry, α) ⊂ P(ry). Since ψ(y) 6= 0 we know that ψ(y) and 1 are the
two, distinct, vertices of P(y− 1). Also, we have P(y− 1, α) = 1
k
P(det(α(y)ψ(y)− idk)) and
it is straightforward to see that this polytope equals P(y − 1).
Combining these results we obtain
T (N,α) = P(ry, α)− P(y − 1, α) = P(ry, α)− P(y − 1) ⊂ P(ry)− P(y − 1) = Ppi. 
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4.4. The proof of Proposition 4.1. Proposition 4.1 is an immediate consequence of The-
orem 2.3, Proposition 4.2 and the second statement of the following proposition.
Proposition 4.4. Let N be a 3–manifold with empty or toroidal boundary and α : pi1(N)→
U(k,C) be a unitary representation. Then
T (N,α) ≤ PN .
Furthermore, if N is irreducible, then there exists a unitary representation α : pi1(N) →
U(k,C) such that
T (N,α) .= PN .
Proof. Let N be a 3–manifold with empty or toroidal boundary. We write pi = pi1(N). Let
α : pi → U(k,C) be a unitary representation. If τ(N,α) = 0, then there is nothing to show.
So suppose that τ(N,α) 6= 0. In [FKm06, Theorem 1.1] and [FKm08, Theorem 3.1] it was
shown that for any φ ∈ H1(N ;R) = Hom(pi,R) we have
max{φ(p)− φ(q) | p, q ∈ T (N,α)} ≤ xN(φ).
It follows from the definitions and the discussion in Section 2.2 that T (N,α)sym ≤ PN .
Since α is a unitary representation it follows from [FKK12, Theorem 1.2] that T (N,α)sym .=
T (N,α). It thus follows that indeed T (N,α) ≤ PN .
If N is not a closed graph manifold, then, building on Theorem 3.2, it was shown in [FV12,
Corollary 5.10] that there exists a unitary representation α : pi → U(k,C) such that
max{φ(p)− φ(q) | p, q ∈ T (N,α)} = xN(φ)
for every φ ∈ H1(N ;R). The same argument as above then implies that T (N,α) .= PN . If
N is a closed graph manifold, then the same statement holds by [FN15]. 
5. Proof of Theorem 1.2 (II)
The goal of this section is to prove the following proposition, and to complete the proof of
the main theorem.
Proposition 5.1. Let pi = 〈x, y | r〉 be a cyclically reduced (2, 1)–presentation for the funda-
mental group of an irreducible 3–manifold N . Then
Psympi ≤ PN .
In the proof of Proposition 4.1 we used twisted Reidemeister torsions corresponding to
finite-dimensional complex representations. In the proof of Proposition 5.1 we use a different,
but related, object, namely non-commutative Reidemeister torsions. In this context they were
first studied in [COT03, Co04, Ha05, Fr07].
5.1. The Ore localization of group rings and degrees. Let Γ ∈ T EA. It follows from
[KLM88, Theorem 1.4] that the group ring Z[Γ] is a domain. Since Γ is amenable it follows
from [DLMSY03, Corollary 6.3] that Z[Γ] satisfies the Ore condition. This means that for
any two non-zero elements x, y ∈ Z[Γ] there exist non-zero elements p, q ∈ Z[Γ] such that
xp = yq. By [Pa77, Section 4.4] this implies that Z[Γ] has a classical fraction field, referred
to as the Ore localization of Z[Γ], which we denote by K(Γ).
Let φ : Γ→ Z be a homomorphism. For every non-zero p = ∑g∈Γ pgg ∈ Z[Γ] we define
degφ(p) = max{φ(g)− φ(h) | pg 6= 0 and ph 6= 0}.
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We extend this to all of Z[Γ] by letting degφ(0) = −∞. Since Z[Γ] has no nontrivial zero
divisors it follows that for p, q ∈ Z[Γ] we have degφ(pq) = degφ(p) + degφ(q). Given pq−1 ∈
K(Γ) we also define
degφ(pq
−1) := degφ(p)− degφ(q).
It is straightforward to see that this is indeed well-defined.
5.2. Non-commutative Reidemeister torsion of presentations. LetX be a finite CW–
complex with G = pi1(X), and denote X˜ the universal cover of X. As in Section 4.2 we
view C∗(X˜) as a chain complex of left Z[G]-modules. Now let ϕ : G → Γ ∈ T EA be a
homomorphism, and consider the chain complex of left K(G)-modules
C∗(X;K(Γ)) = K(Γ)⊗Z[G] C∗(X˜),
where G acts on K(Γ) on the right via the homomorphism ϕ. If C∗(X;K(Γ)) is not acyclic,
define the corresponding Reidemeister torsion τ(X,ϕ) to be zero. Otherwise choose an or-
dering of the cells of X and for each cell in X pick a lift to X˜. This turns C∗(X;K(Γ)) into
a chain complex of based K(Γ) left-modules and we define
τ(X,ϕ) ∈ K1(K(Γ))
to be the Reidemeister torsion of the based chain complex C∗(X;K(Γ)). Here K1(K(Γ)) is
the abelianization of the direct limit lim
n→∞
GL(n,K(Γ)) of the general linear groups over K(Γ)
(see [Mi66, Ro94] for details). We write K(Γ)× = K(Γ) \ {0} and denote by K(Γ)×ab the
abelianization of the multiplicative group K(Γ)×. The Dieudonne´ determinant, see [Ro94],
gives rise to an isomorphism K1(K(Γ)) → K(Γ)×ab which we will use to identify these two
groups. The invariant τ(X,ϕ) ∈ K(Γ)× is well-defined up to multiplication by an element of
the form ±g, where g ∈ Γ. Furthermore, it does not depend on the homeomorphism type of
X. We refer to [Tu01, Fr07, FH07] for details.
It follows from degφ(p · q) = deg(p) + deg(q) for p, q ∈ K(Γ)× that degφ descends to a
homomorphism degφ : K(Γ)×ab → Z. In particular degφ(τ(X,ϕ)) is defined.
Proof of Proposition 5.1. Let N be an irreducible 3–manifold and suppose pi = 〈x, y | r〉 is a
cyclically reduced (2, 1)–presentation of its fundamental group. Without loss of generality
we may assume that x represents a non-zero element in H := H1(N ;Z)/torsion. We need to
show that Ppi ≤ PN .
We call φ ∈ Hom(pi,R) generic if there are vertices v and w of P(ry) such that φ pairs
maximally with v and φ pairs minimally with w.
Claim. For any generic epimorphism φ : pi → Z, we have thPpi(φ) ≤ xN(φ).
We denote by v and w the (necessarily unique) vertices of P(ry) such that φ pairs maximally
with v and minimally with w. By Corollary 3.5 and Theorem 2.3 there exists a homomorphism
α : pi1(N) → Γ ∈ T EA such that α(rvy · rwy ) 6= 0. In particular, α(rvy) 6= 0 and α(rwy ) 6= 0.
Denote ψ : pi → H the canonical epimorphism. After possibly replacing α by α × ψ we can
and will assume that ψ factors through α. In particular φ factors through α and α(x) is a
non-trivial element in Γ.
We denote by X the CW–complex corresponding to the presentation pi with one 0–cell,
two 1–cells corresponding to the generators x and y and one 2–cell corresponding to the
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relator r. As in [FT15] we have τ(N,α) = τ(X,α). We then have
thPpi(φ) = thP(ry)(φ)− thP(x−1)(φ)
= (φ(v)− φ(w))− |φ(x)|
= degφ(α(ry))− degφ(α(x)− 1)
= degφ(α(ry) · α(x− 1)−1)
= degφ(τ(X,α)) = degφ(τ(N,α)) ≤ xN(φ).
Here the first two equalities follows from the definitions and the choice of v and w. The fifth
equality is [Fr07, Theorem 2.1] and the last inequality is given by [Fr07, Theorem 1.2] (see
also [Co04, Ha05, Tu02]). This concludes the proof of the claim.
It is straightforward to see that the non-generic elements in Hom(pi,R) correspond to a
union of proper subspaces of Hom(pi,R). By continuity and linearity of seminorms we see
that the inequality thPpi(φ) ≤ xN(φ) holds in fact for all φ ∈ Hom(pi,R). It follows from the
definitions and the discussion in Section 2.2 that PsymN ≤ PN . 
5.3. For the reader’s convenience we recall the statement of Theorem 1.2.
Theorem 1.2. Let N be an irreducible 3–manifold that admits a cyclically reduced (2, 1)–
presentation pi = 〈x, y | r〉. Then
MN .=Mpi.
Proof. It follows from Propositions 4.1 and 5.1 that PN ≤ Ppi and Psympi ≤ PN . By the
symmetry of the Thurston norm we also have PN = PsymN , and this implies PN .= Ppi.
The fact that the markings agree is an immediate consequence of [FT15, Theorem 1.1] and
[BNS87, Theorem E]. 
6. Examples
Currently there is no geometric characterization of those 3–manifolds whose fundamental
group may be presented using only two generators and one relator. Waldhausen’s ques-
tion [Wald78] of whether the rank of the fundamental group equals the Heegaard genus gives
the conjectural picture that all of these manifolds have tunnel-number one. Li [Li13] gives
examples of 3–manifolds whose rank is strictly smaller than the genus, including closed man-
ifolds, manifolds with boundary, hyperbolic manifolds, and manifolds with non-trivial JSJ
decomposition. See also related work of Boileau, Weidmann and Zieschang [BZ84, BW05].
However, Waldhausen’s question remains open for hyperbolic 3–manifolds of rank 2 and for
knot complements in S3.
6.1. Tunnel-number one manifolds. A tunnel-number one 3–manifold is a 3–manifold
obtained by attaching a 2–handle to a 3–dimensional 1–handlebody of genus two. The
fundamental group has a presentation with two generators from the handlebody and one
relator corresponding to the attaching circle of the 2–handle. Theorem 1.2 allows us to
compute the unit ball of the Thurston norm with ease, whilst other methods, such as normal
surface theory [TW96, CT09] have limited scope (cf. [DR10]). Moreover, with Theorem 1.2
one can easily construct examples with prescribed combinatorics or geometry of the unit ball.
Brown’s algorithm is an essential ingredient in Dunfield and D. Thurston’s proof [DT05]
that the probability of a tunnel-number one manifold fibring over the circle is zero. This can
be paraphrased as: the probability that the unit ball has a non-empty set of marked vertices
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is zero. Interesting applications of Theorem 1.2 combined with the methods of [DT05] would
be further predictions about the unit ball of a random tunnel-number one manifold.
6.2. Knots or links in S3. Norwood [No82] showed that if the complement of a given
knot in S3 has fundamental group generated by two elements, then the knot is prime. The
complements of tunnel-number one knots or links in S3 are tunnel-number one manifolds.
This includes the 2–bridge knots and links, but Johnson [Jo06] showed that there are hy-
perbolic tunnel-number one knots with arbitrarily high bridge number. There is a complete
classification of all tunnel-number one satellite knots by Morimoto and Sakuma [MS91], and
Morimoto [Mo94] also showed that a composite link has tunnel-number one if and only if it
is a connected sum of a 2–bridge knot and the Hopf link.
(a) The link (b) Calculation of ∂r∂x for Dunfield’s link
Figure 2. Dunfield’s link
6.3. Dunfield’s link. We conclude this section with an explicit calculation for the link L
shown in Figure 2(a), which was studied by Dunfield [Du01]. Write XL := S
3\νL and denote
pi := pi1(XL) the link group. Then pi has the presentation
〈x, y|x2yx−1yx2yx−1y−3x−1yx2yx−1yxy−1x−2y−1xy−1x−2y−1xy3xy−1x−2y−1xy−1x−1y〉
where a meridian for the unknotted component is given by y−1x−1yx2yx−1yx2yx−1y−3 and a
meridian for the other component is given by x−1y−1. Theorem 1.2 implies that Ppi .= PN .
We use the map induced by x 7→ (1, 0) and y 7→ (0, 1) to identify H1(XL;Z) = H1(pi;Z)
with Z2. A straightforward calculation shows that P(rx) is the polytope with vertices v1 =
(0, 1), v2 = (2, 3), w1 = (2, 1) and w2 = (0,−1) shown in Figure 2(b). Here v1 and w1 are
opposite vertices of P(rx) and v2 and w2 are opposite vertices of P(rx). Subtracting the
underlying polytope of M(y − 1) from P(rx) gives Ppi, and this agrees (up to translation)
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with Figure 1. The following computation shows that the markings are the same:
(rx)
v1 = x2yx−1yx2yx−1y−3x−1yx2yx−1yxy−1x−2y−1xy−1x−2y−1xy3xy−1x−2
(rx)
w1 = x2yx−1yx2yx−1y−3x−1yx
(rx)
v2 = x2yx−1yx2yx−1(−1 + y−3x−1yx2yx−1y)
(rx)
w2 = x2yx−1yx2yx−1y−3x−1yx2yx−1yxy−1x−2y−1xy−1x−2y−1(1− xy3xy−1x−2y−1xy−1x−1).
7. A conjecture and a question
7.1. We conjecture that Poincare´ duality for the 3–manifold can be seen on the level of
group presentations as follows:
Conjecture 7.1. Let pi = 〈x, y|r〉 be a (2, 1)–presentation for the fundamental group of a
3–manifold. Let v be a vertex of P(rx). Then there exists a unique vertex w of P(ry) such
that v and w are opposite vertices. Furthermore we have
(ry)
v ≡ (−1)b0(∂N)−1(rx)w.
The twisted Reidemeister torsions of [FV10] can be computed in terms of Fox derivatives,
and the symmetry results for twisted Reidemeister torsions proved in [Ki96, HSW10, FKK12]
give strong evidence towards this conjecture.
To give an explicit example, let us return to Dunfield’s link. Given the group G and
p, q ∈ Z[G], write p ≡ q if there exist g, h ∈ G such that p = gqh. Furthermore, denote p 7→ p
the involution of Z[G] defined by the inversion map g 7→ g−1 for each g ∈ G. We denote by
pi = 〈x, y|r〉 the presentation from Section 6.3. We then note that
(rx)
v2 ≡ −1 + y−3x−1yx2yx−1y
(rx)
w2 ≡ 1− xy3xy−1x−2y−1xy−1x−1.
The relator r is conjugate to
yx2yx−1yx2yx−1
(
y−3x−1yx2yx−1y
)
xy−1x−2y−1xy−1x−2y−1
(
xy3xy−1x−2y−1xy−1x−1
)
.
In particular writing s = yx2yx−1yx2yx−1 we have the following equality in Z[pi]:
(rx)
v2 ≡ s (ry)v2 s−1 = s(−1 + y−3x−1yx2yx−1y)s−1
= −1 + (xy3xy−1x−2y−1xy−1x−1)−1
= −(rx)w2 .
7.2. We initially attempted to prove Theorem 1.2 just using twisted Reidemeister torsions
corresponding to finite-dimensional representations, noting that Theorem 1.2 follows from
Proposition 4.4 (1) together with an affirmative answer to the following question, which is
interesting in its own right.
Question 7.2. Let N be an aspherical 3–manifold and write pi = pi1(N). Let p be a non-zero
element in Z[pi]. Does there exist a representation α : pi → GL(k,C) such that det(α(f)) 6= 0?
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